Abstract The noninertial effect of rotating frames on the quantum dynamics of scalar bosons embedded in the background of a cosmic string is considered. In this work, scalar bosons are described by the DuffinKemmer-Petiau (DKP) formalism. Considering the DKP oscillator in this background the combined effects of a rotating frames and cosmic string on the equation of motion, energy spectrum and DKP spinor are analyzed and discussed in details. Additionally, the effect of rotating frames on the scalar bosons localization is studied.
Introduction
The Duffin-Kemmer-Petiau (DKP) formalism [1] [2] [3] [4] is a first-order relativistic equation that describes spinzero and spin-one particles and has been used to analyze relativistic interactions of spin-zero and spin-one hadrons with nuclei as an alternative to their conventional second-order Klein-Gordon (KG) and Proca counterparts. Although the formalisms are equivalent in the case of minimally coupled vector interactions [5] [6] [7] , the DKP formalism enjoys a richness of couplings not capable of being expressed in the KG and Proca theories [8, 9] . Recently, there has been an increasing interest on the so-called DKP oscillator [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The DKP oscillator considering minimal length [20, 21] , noncommutative phase space [22] [23] [24] [25] and topological defects [26] have also appeared in the literature. The DKP oscillator is a kind of tensor coupling with a linear potential which leads to the harmonic oscillator problem in the weak-coupling limit. Also, a sort of vector DKP oscillator (non-minimal vector coupling with a linear potential a e-mail: lrb.castro@ufma.br, luis.castro@pq.cnpq.br [27] [28] [29] [30] [31] ) has been an topic of recent investigation. Vector DKP oscillator is the name given to the system with a Lorentz vector coupling which exhibits an equally spaced energy spectrum in the weak-coupling limit. The name distinguishes from that system called DKP oscillator with Lorentz tensor couplings of Ref. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
The DKP oscillator is an analogous to Dirac oscillator [32] . The Dirac oscillator is a natural model for studying properties of physical systems, it is an exactly solvable model, several research have been developed in the context of this theoretical framework in recent years. A detailed description for the Dirac oscillator is given in Ref. [33] and for other contributions see Refs. [34] [35] [36] [37] [38] [39] [40] . The Dirac oscillator embedded in a cosmic string background has inspired a great deal of research in last years [41] [42] [43] [44] [45] [46] [47] . A cosmic string is a linear defect that change the topology of the medium when viewed globally. The influence of this topological defect in the dynamics of spin-1/2 particles has been widely discussed in the literature.
On the other hand, the standard description of physical phenomena according to accelerated observers is based on a hypothesis of locality which states that an accelerated observer at each instant along its wordline is equivalent to a hypothetical inertial observer at the same event and with the same velocity as the noninertial observer. This assumption forms the basis for the extension of the Poincaré-invariant theory of relativity to general frames of references as well as gravitational fields. The study of rotating frames has discovered interesting effects, where the best-known effect is the Sagnac effect [48, 49] . Another known effect is the Mashhoon effect [50] , which yields a phase shift due to the coupling between the spin of the particle with the angular velocity of the rotating frames. Also we have the Page-Werner et al. term [51, 52] , which is a cou-pling between the angular momentum of the particle and the angular velocity of the rotating frame. Other studies of noninertial effects in quantum systems have also been extended to confined systems, for instance rotational and gravitational effects in quantum interference [53] [54] [55] , scalar fields [56, 57] , Dirac fields [58] , persistent currents in quantum rings [59] , confinement of a neutral particle to a quantum dot [60, 61] , Dirac oscillator [62, 63] , and spin currents [64] . Recently, the noninertial effects due to rotation or acceleration have been investigated in condensed matter systems as for example, noninertial effects due to a rotating hall sample [65] , rotating Bose-Einstein (BE) condensation in ultra could diluted atomic gases [66] , effect of rotating frame in C 60 molecules [67, 68] , among others systems. However, investigations on noninertial effects involving scalar bosons via the DKP formalism has not been established, therefore we believe that this problem deserves to be explored.
The main motivation of this work is to study the noninertial effects on the quantum dynamics of scalar bosons embedded in the background of a cosmic string. In this work, the influence of combined effects of the angular velocity of the rotating frame ̟ and the angular deficit of the cosmic string α in the equation of motion, energy spectrum and DKP spinor are analyzed and discussed in details. The case of DKP oscillator in this background is also considered. Owing to peculiar behavior of this background, one can readily envisage that two different classes of solutions can be segregated depending on the value of the product ̟α. For an arbitrary value of ̟α and considering the aproppriate boundary condition, the possible energy levels are obtained by a root-finding procedure of a symbolic algebra program. On the other hand, for the limit ̟α ≪ 1 and considering the appropriate bounday condition, the exact solutions are presented in closed form. We show that scalar bosons and antibosons tend to be better localized when the angular velocity of the rotating frame ̟ increases. The results reported in [26] can be obtained as a particular case.
This work is organized as follows. In section 2, we consider a short review on DKP equation in a curved space-time. In section 3, we give a brief review on a cosmic string background, noninertial reference frame and we also analyze the curved-space beta matrices and spin connection in this background. In section 4, we concentrate our efforts in the interaction called DKP oscillator embedded in the background of a cosmic string in a rotating coordinate system. In particular, we focus the case of scalar bosons and obtain the equation of motion, energy spectrum and DKP spinor. We analyze two kinds of solutions that depend on the value of the product ̟α. Finally, in section 5 we present our conclusions.
2 Review on Duffin-Kemmer-Petiau equation in a curved space-time
The Duffin-Kemmer-Petiau (DKP) equation for a free boson in curved space-time is given by [69, 70] 
where the covariant derivative
In this case, we restrict our analysis to the torsion-zero case and the affine connection is defined by
The curved-space beta matrices are
and satisfy the algebra
where g µν is the metric tensor. The algebra expressed by (5) generates a set of 126 independent matrices whose irreducible representations are a trivial representation, a five-dimensional representation describing the spinzero particles (scalar sector) and a ten-dimensional representation associated to spin-one particles (vector sector). More detailed discussions on the DKP formalism in a curved space-time can be found in Ref. [26] .
The tetrads e µā (x) satisfy the relations ηāb = e µā e νb g µν (6) g µν = e µā e νb ηāb
and e µā e µb = δā b
the Latin indexes being raised and lowered by the Minkowski metric tensor ηāb with signature (−, +, +, +) and the Greek ones by the metric tensor g µν . The spin connection ω µāb is given by
with ω µāb = −ω µbā and Γ α µν are the Christoffel symbols given by
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As it shown in Ref.
[26], the conservation law for J µ leads to
where
The factor 1/2 multiplyingΨ β µ Ψ , of no importance regarding the conservation law, is in order to hand over a charge density conformable to that one used in the KG theory and its nonrelativistic limit [28] . The adjoint spinorΨ is given byΨ = Ψ † η 0 with η 0 = 2β
µ are Hermitian with respect to η 0 ). Thus, if
then four-current will be conserved. The condition (12) is the purely geometrical assertion that the curvedspace beta matrices are covariantly constant.
On the other hand, the normalization condition dτ J 0 = ±1 can be expressed as
where the plus (minus) sign must be used for a positive (negative) charge, and the expectation value of any observable O can be given by
where β 0 O should be Hermitian with respect to η 0 ,
Interaction in the Duffin-Kemmer-Petiau equation
With the introduction of interactions, the DKP equation in a curved space-time can be written as
where the more general potential matrix U is written in terms of 25 (100) linearly independent matrices pertinent to five (ten)-dimensional irreducible representation associated to the scalar (vector) sector. The potential matrix U can be written in terms of welldefined Lorentz structures. For the scalar sector (spinzero) there are two scalar, two vector and two tensor terms [8] , whereas for the vector sector (spin-one) there are two scalar, two vector, a pseudoscalar, two pseudovector and eight tensor terms [9] .
In the presence of interaction, J µ satisfies the equation
Thus, if U is Hermitian with respect to η 0 and the curved-space beta matrices are covariantly constant then four-current will be conserved. The condition (16) for the case of Minkowski space-time has been used to point out a misleading treatment in the recent literature regarding analytical solutions for nonminimal vector interactions [31] .
3 Noninertial reference frame and the cosmic string background
The cosmic string space-time is an object described by the line element
where −∞ < Z < +∞, R ≥ 0 and 0 ≤ Φ ≤ 2π. The parameter α is associated with the linear mass densitỹ m of the string by α = 1 − 4m and runs in the interval (0, 1] and corresponds to a deficit angle γ = 2π(1−α). In the geometric context, the line element (19) is related to a Minkowski space-time with a conical singularity [71] . Note that, in the limit as α → 1 we obtain the line element of cylindrical coordinates. The rotating frame is obtained using the following coordinate transformation,
where ̟ is the constant angular velocity of the rotating frame. So, the line element (17) becomes
This line element describes the background of a cosmic string in a rotating coordinate system. It is worthwhile to mention that the line element (19) is defined in the interval 0 < r < r 0 , where r 0 = 1/̟α and that for values of r > r 0 correspond to a particle placed outside of the line cone. This interesting fact imposes one restriction on the radial coordinate, the wave function of the quantum particle must vanish at r → r 0 . This peculiar behavior can be interpreted of way that the geometry of the space-time plays the role of a hard-wall confining potential [60, 61, [72] [73] [74] . The basis tetrad e µā from the line element (19) is chosen to be
4 where ρ = ̟αr. For the specific basis tetrad (20) the curved-space beta matrices read
and thereby, the covariant derivative gets
where the spin connections are given by
Note that using the line element (19) and the representation for the curved-space beta matrices (21), (22), (23) and (24) the condition (12) is satisfied and therefore the current is conserved for this background.
DKP oscillator in a noninertial reference frame
In this section, we concentrate our efforts in the interaction called DKP oscillator. For this external interaction we use the non-minimal substitution [11] 
where ω is the oscillator frequency. This interaction is a Lorentz-tensor type and is Hermitian with respect to η 0 , so it furnishes a conserved four-current. Considering only the radial component the non-minimal substitution gets
As the interaction is time-independent one can write Ψ (r, t) = Φ(r)exp (−iEt), where E is the energy of the scalar boson, in such a way that the time-independent DKP equation becomes
where β 0 , β ϕ , Γ 0 , Γ r and Γ ϕ are given by (21) , (23), (29), (30) and (31), respectively.
Scalar sector
For the case of scalar bosons (scalar sector), we use the standard representation for the beta matrices given by [75] 
Meanwhile,
Combining these results we obtain a equation of motion for the first component of the DKP spinor
where ∇ 2 α is the Laplacian-Beltrami operator in the conical space, given by
At this stage, we can use the invariance under boosts along the z-direction and adopt the usual decomposition
with l = 0, ±1, ±2, . . . . Inserting this into Eq. (45), we get
where l α = l/α, λ = M ω and
The motion equation (48) describes the quantum dynamics of a DKP oscillator in the backgroud of a cosmic string in a rotating coordinate system. The solution close to the origin valid for all values de l α can be written as being proportional to r |lα|+ 1 2 . On the other hand, for sufficiently large radius r 0 the squareintegrable solution behaves as e −λr 2 /2 , thereby the solution for 0 < r < r 0 can be expressed as
subsequently, by introducing the following new variable and parameters:
one finds that f (ξ) can be expressed as a regular solution of the confluent hypergeometric equation (Kummer's function) [76] ,
The general solution of (54) is given by [76] 
where A and B are arbitrary constants. The second term in (55) has a singular point at ξ = 0, so that we set B = 0. In such a way that the solution for (54) is given by
As mentioned in the Sect. 3, the peculiar behavior of this background which is defined in the interval 0 < r < r 0 , where r 0 = 1/̟α, the problem presents two different classes of solutions that depend on the value of the product ̟α. Let's us consider as a first case an arbitrary value of ̟α and as a second case the limit ̟α ≪ 1. At the two next sections, we will analyze each case in detail.
Arbitrary ̟α
Following the discussions of the Sect. 3, we proceed now to find the eigenfunction for this problem. Because the restriction on the radial coordinate due to noninertial effects a physical solution is possible only if the eigenfunction vanishes at r = r 0 = 1/̟α in order to normalize φ 1 , thereby the boundary condition implies that
By solving this quantization condition one obtains the possible energy levels by inserting the allowed values of a = a l in (52) and combining with (49) yields
which is irrespective to the sign of angular momentum quantum number |l|. From (58) we can see that the discrete set of DKP energies is composed of two contributions: the first term of (58) is associated to the DKP oscillator embedded in a cosmic string background and the second term of (58) is associated to the noninertial effect of rotating frames, which in turn is a Sagnactype effect [48, 49] . Note that both particle (E + ) and antiparticle (E − ) energy levels are members of the spectrum and also that the noninertial effect is to break the symmetry of the energy spectrum about E = 0. From (58) we can conclude that |E − | > |E + |. Furthermore, if |l| = 0 or ̟ = 0 the discrete set of DKP energies are symmetrical about E = 0. At this stage, we can use the invariance under boosts along the z-direction and without loss of generality we can fix k z = 0. Although the quantization condition has no closed form solutions in terms of simpler functions, the numerical computation of a l can be done easily with a rootfinding procedure of a symbolic algebra program. The first values of a l that satisfy the quantization condition (57) and its respective energies are listed in Tables 1  and 2 for ̟ = 0.5 and ̟ = 1.0, respectively.
With all that, the solution for 0 < r < r 0 can be written as
where A l is a normalization constant. The charge density J 0 (44) dictates that φ 1 must be normalized as
so that, the normalization constant can be written as
with |E ± + ̟|l|| = 0. From (61) we can see that, as |E + + ̟|l|| = |E − + ̟|l|| is expected that A l for particles is equal to A l for antiparticles. Figure 1 illustrates the behavior of φ 1 (normalized) for the three lowest states, ω = 0.1, |l| = 1, α = 0.5 and ̟ = 1.0. Here, we consider only bosons, i.e. E + . Note that ̟α = 0.5, so we have that the solution is restricted to the interval 0 < r < 2. Also, we can note that the solution for the ground state has no nodes, the first excited state has one node and the second excited state has two nodes. From this fact, we can conclude that exist a relation systematic between number of nodes of φ 1 and each level of states (usual node structure), even if there is a restriction at the radial variable. In other context, a similar restriction in an one-dimensional problem was studied in [77] . In Figs. 2 and 3 , we illustrate the results of |φ 1 | 2 for the ground state and the second excited state, ω = 0.1, α = 0.5 and two different values of ̟. Figures 2  and 3 clearly show the noninertial effects on the excited states, which are qualitatively similar to |l| = 0 and |l| = 1, respectively. From Fig. 2 one can see that for the ground state, the distribution has a maximum at r ≈ 1.5 for ̟ = 0.5 and |l| = 0, and this maximum increases and moves to negative r-direction as ̟ = 1.0. Then, for study the scalar bosons localization we use (14) , the quantity (∆x)
Calculating ∆x for the parameter set of figure 2 (ω = 0.1, |l| = 0 and α = 0.5), we obtain ∆x = 0.7773 (̟ = 0.5) and ∆x = 0.3909 (̟ = 1.0) for the ground state and ∆x = 1.1477 (̟ = 0.5) and ∆x = 0.5740 (̟ = 1.0) for the second excited state. A similar behavior is observed at ∆x for the parameter set of figure 3 (ω = 0.1, |l| = 1 and α = 0.5). In this case, we obtain ∆x = 0.5904 (̟ = 0.5) and ∆x = 0.2946 (̟ = 1.0) for the ground state and ∆x = 1.0019 (̟ = 0.5) and ∆x = 0.5005 (̟ = 1.0) for the second excited state. From these results, we can conclude that scalar bosons tend to be better localized when ̟ increases. If instead of considering bosons, we consider antibosons (i.e. E − ), one would expect the same results, since A l for particles is equal to A l for antiparticles. Table 1 The first values of a l that satisfy the quantization condition (57) for ω = 0.1 and ̟ = 0.5. Table 2 The first values of a l that satisfy the quantization condition (57) for ω = 0.1, and ̟ = 1.0. The second class of solutions is obtained adopting the limit ̟α ≪ 1. The main consequence is change to the boundary condition and the restriction on the radial coordinate due to noninertial effects. Considering a large r 0 (r 0 → ∞) the square-integrable solution is guaranteed by the term e −λr 2 /2 in (50) and without loss generality the boundary condition becomes
Now we need to analyze the asymptotic behavior of the solution (56) . The asymptotic behavior of Kummer's function is dictated by
It is true that the presence of e ξ in the second term of (65) perverts the normalizability of φ 1 (ξ) in (50) . Nevertheless, this unfavorable behavior can be remedied by demanding a = −n, where n is a nonnegative integer and b = −ñ, whereñ is also a nonnegative integer. As a matter of fact, M (−n, b, ξ) with b > 0 is proportional to the generalized Laguerre polynomial L (b−1) n (ξ), a polynomial of degree n with n distinct positive zeros in the range [0, ∞). Therefore, the solution for all r can be written as
where A n is a normalization constant. One more time, the charge density J 0 (44) dictates that φ 1 must be normalized as
8 with |E ± +̟|l|| = 0. Moreover, the requirement a = −n (quantization condition) implies into
Similar to the case of arbitrary ̟α, the discrete set of DKP energies is modified by the term ̟|l|. This last result shows that the discrete set of DKP energies are not symmetrical about E = 0. Here are applicable the same discussion already done for the energy spectrum (58) . As a particular case, making ̟ = 0 we obtain the DKP energies of the DKP oscillator embedded in the background of a cosmic string, already reported in [26] . One more time, due to invariance under rotation along the z-direction, without loss of generality we can fix k z = 0. Now, let us consider the nonrelativistic limit of (69) . Following the standard procedure, E = M + E with M ≫ E, and after some calculations one has that
This last result describes the energy of a traditional nonrelativistic harmonic oscillator plus the Page-Werner term [51, 52] . Figure 4 illustrates the profile of the energy as a function of ω for |l| = 2. In this figure we consider the four first quantum numbers. From figure 4 one sees that all the energy levels emerge from the positive (negative)-energy continuum so that it is plausible to identify them with particle (antiparticle) levels.
Finally, our results for the limit ̟α ≪ 1 are consistent with our results for arbitrary ̟α, this fact can be seen from Table 1 . In this table, the product ̟α = 0.05 can be considered as ≪ 1, because a l → −n for |l| = 0 or |l| = 1, where n is a nonnegative integer. This means that the choice of ̟ = 0.5 and α = 0.1 that produce r 0 = 20 is suitable, because this r 0 can be considered as a sufficiently large radius.
Conclusions
We studied the Duffin-Kemmer-Petiau (DKP) equation in a cosmic string background in a rotating reference frame. We showed that considering this background and a DKP oscillator interaction, they furnish a conserved current. Considering only scalar bosons, we calculated the motion equation, which describes the quantum dynamics of a DKP oscillator in this background and discussed in details the combined effects of the angular velocity of the rotating frame ̟ and the angular deficit of the cosmic string background α. This problem was mapped into a confluent hypergeometric equation for the first component of the DKP spinor φ 1 and the remaining components were expressed in terms of the first one in a simple way.
Due to peculiar behavior of this background, which is defined in the interval 0 < r < r 0 , where r 0 = 1/̟α, the problem presents two kinds of solutions that depend on the value of the product ̟α. As a first case, we considered an arbitrary value of ̟α. Using the appropriate boundary condition at r = r 0 , we obtained the possible energy levels by a root-finding procedure of a symbolic algebra program. The first component of the DKP spinor φ 1 was expressed in terms of the Kummer's function. As a second case, we considered the limit ̟α ≪ 1, which implies r 0 → ∞ (a sufficiently large radius). One more time, using the appropriate boundary condition at r = r 0 → ∞, we obtained the energy levels in a analytic form. In this case, φ 1 was expressed in terms of the generalized Laguerre polynomial. In both kinds of solutions, we showed that exist a relation systematic between number of nodes of φ 1 and each level of states (usual node structure), even if there is a restriction at the radial variable.
For both kinds of solutions, we found the energy spectrum for this problem. We showed that the discrete set of DKP energies is composed of two contributions. One term is associated to the DKP oscillator embedded in a cosmic string background and the other term is associated to the noninertial effect of rotating reference frames, which in turn is a Sagnac-type effect. Both particle (E + ) and antiparticle (E − ) energy levels are members of the spectrum, and also that the noninertial effect breaks the symmetrical of the energy spectrum about E = 0. Only for |l| = 0 the energy spectrum is symmetrical about E = 0. In general, we showed that |E − | > |E + | and that bosons as well as antibosons tend to be better localized than ̟ increases. We obtained the results reported in [26] as a particular case making ̟ → 0. We also found that the nonrelativistic limit furnishes the energy of a traditional nonrelativistic harmonic oscillator plus the Page-Wenner term. Further, we showed that both kinds of solutions are consistent when a suitable r 0 (sufficiently large) is chosen.
Beyond to investigate the quantum dynamics of scalar bosons, the results of this paper could be used, in principle, in condensed matter physics. It is known the analogy between cosmic strings and disclinations in solids [78] , this fact is associated to that the metric which describes a disclination corresponds to the spatial part of the line element of the cosmic string. Thereby, our results could be used to investigate the integer quantum Hall effect for bosons [79] in a system with the presence of a topological defect in a rotating frame as done in [65] for the quantum Hall effect, and could also be used to investigate symmetry-protected topological (SPT) phase [80] , which is the analogues of the celebrated free fermion topological insulators for bosonic systems. In this context, the DKP theory has been employed on the study of novel topological semimetals [81] . Another physical application could be associated to Bose-Einstein (BE) condensates [82, 83] and neutral atoms, which can be used to study entanglement and quantum information processing [84] . Specifically with respect to BE condensates the idea is to rotate the BE condensate and to observe the generation of vortices as done in [85, 86] .
